Gravitational Deflection of Light and Massive Particle by a Moving
  Kerr-Newman Black Hole by He, Guansheng & Lin, Wenbin
ar
X
iv
:2
00
7.
08
75
4v
1 
 [g
r-q
c] 
 17
 Ju
l 2
02
0
Gravitational Deflection of Light and Massive Particle by a
Moving Kerr-Newman Black Hole
Guansheng He &Wenbin Lin
School of Physical Science and Technology, Southwest Jiaotong University, Chengdu
610031, China
E-mail: wl@swjtu.edu.cn
Abstract. The gravitational deflection of test particles including light, due to a radially
moving Kerr-Newman black hole with an arbitrary constant velocity being perpendicular
to its angular momentum, is investigated. In harmonic coordinates, we derive the second
post-Minkowskian equations of motion for test particles, and solve them by high-accuracy
numerical calculations. We then concentrate on discussing the kinematical corrections caused
by the motion of the gravitational source to the second-order deflection. The analytical
formula of light deflection angle up to second order by the moving lens is obtained. For
a massive particle moving with a relativistic velocity, there are two different analytical
results for Schwarzschild deflection angle up to second order reported in the previous
works, i.e., α(w) = 2
(
1 + 1
w2
)
M
b
+ 3π
(
1
4
+ 1
w2
)
M2
b2
and α(w) = 2
(
1 + 1
w2
)
M
b
+[
3π
(
1
4
+ 1
w2
)
+ 2
(
1− 1
w4
)]
M2
b2
, where M, b, and w are the mass of the lens, impact
parameter, and the particle’s initial velocity, respectively. Our numerical result is in perfect
agreement with the former. Furthermore, the analytical formula for massive particle deflection
up to second order in the Kerr geometry is achieved. Finally, the possibilities of detecting the
motion effects on the second-order deflection are also analyzed.
PACS numbers: 95.30.Sf, 98.62.Sb, 04.70.Bw, 04.25.Nx
Keywords: gravitational lensing, kinematical effect, post-Minkowskian approximation
1. Introduction
The time-dependence of a background metric, caused by the motion of a gravitational system,
usually exerts a correctional effect on the propagation of an electromagnetic signal or celestial
body. This kind of kinematical effect, which is called “velocity effect” or “motion effect”,
has been investigated in detail. In contrast to most previous works (see, Refs. [1, 2], and
references therein), which were focused on the effects in the first-order velocity (FOV)
and first-order deflection (FOD) approximations, Kopeikin and Scha¨fer [3] studied light
propagation in the gravitational field of an arbitrarily moving N-body system analytically.
Their calculations were performed in the first post-Minkowskian (1PM) approximation
(weak-field approximation without limiting to low velocity), and were generalized in Ref. [4]
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to consider the spin-dependent gravitomagnetic effects on the propagation of light. In 2003,
the solutions of Lie´nard-Wiechert potential [3, 4] were confirmed in Ref. [5] via exerting a
Lorentz boosting on the propagation equations of light in the field of a static source. In order
to extend and apply the analytical results achieved in Ref. [5] to astrometric observations,
Klioner and Peip [6] performed high-resolution numerical simulations for the trajectory of
light in the field of moving point masses, in the first post-Newtonian approximation as well as
1PM approximation. In 2004, Wucknitz and Sperhake [7] studied the velocity effects on the
first-order deflection of light and massive particles, based on the Lorentz transformation of
harmonic Schwarzschild metric. The method of coordinate transformation [1, 5, 7] was also
employed to discuss the 1PM motion effects due to both the source of light and the lens in
microlensing events [8]. There are many other works devoted to the motion effects appeared
in the 1PM equations of light propagation, e.g., Refs. [9, 10, 11, 12].
These velocity effects, especially relativistic velocity effects, are very likely to be
detected nowadays, because almost all their magnitudes are larger than the accuracy of
the high-resolution (µas level) astronomical programs such as GAIA mission [13, 14] and
Japanese Astrometry SatelliteMission for Infrared Exploration (JASMINE) [15, 16]. Actually,
considering the kinematical effects on higher-order gravitational deflection, not limited to
first-order deflection, also becomes important. One reason is that the rapid developments of
sub-µas astrometric surveys have been in progress. For example, the planned Nearby Earth
Astrometric Telescope mission (NEAT) [17, 18, 19], which has absorbed some key techniques
of the high-accuracy project Space Interferometry Mission (SIM) [20, 21], aims at achieving
an unprecedented accuracy of 0.05µas. Within the capability of NEAT, the nonrelativistic
motion effects on the second-order deflection might be detected. When the lens moves
quickly with a relativistic velocity, these correctional effects will become so obvious that
µas-level telescope GAIA or even JASMINE may also detect them. Therefore, it is deserved
to investigate the kinematical corrections to the gravitational deflection of test particles up to
second post-Minkowskian order (2PM). Notice that the discussions of the explicit post-linear
equations of motion and light deflection in the field of the two-body system in Ref. [22] are
limited to the low-velocity case.
In the present paper, we investigate the gravitational deflection up to second order of
light and (relativistic) neutral massive particles caused by a radially constantly moving Kerr-
Newman (KN) balck hole, based on high-accuracy numerical simulations. We restrict our
discussions in the weak-field, small-angle, and thin lens approximations. We focus on the
kinematically correctional effects induced by the motion of the source on the second-order
(leading high-order) deflection. The paper is organized as follows. In Section 2, we start with
the harmonic 2PM metric of the moving KN black hole, and derive the 2PM equations of
motion for test particles via calculating Christoffel symbols. These equations are verified by
Euler-Lagrange Method. In Section 3, the second-order gravitational deflection of light and
massive particles are discussed in detail, with the help of numerical calculations. In Section 4,
we analyze the possibilities of detecting the motion effects on the second-order deflection.
Summary is given in Section 5. We use units where G = c = 1 throughout the paper.
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2. Second post-Minkowskian equations of motion for test particles
Let {e1, e2, e3} denote the orthonormal basis of a three-dimensional Cartesian coordinate
system. We consider a Kerr-Newman black hole with rest mass M , electric charge Q and
angular momentum J (= Je3), moving along the positive x−axis with a constant velocity
vector v (= v1e1 ≡ ve1) (here we only investigate the effects of radial motion of the
gravitational source). We denote the rest frame of the background spacetime and the comoving
frame of the gravitational source to be (t, x, y, z) and (X0, X1, X2, X3), respectively.
The 2PM harmonic metric for this moving Kerr-Newman black hole can be written in the
coordinate frame (t, x, y, z) as follows [23, 24]
g00 = −1 + 2 (1 + v
2)γ2M
R
− (1 + γ
2)M2
R2
− γ
2Q2
R2
− 4 vγ
2aMX2
R3
+
v2γ2(M2 −Q2)X21
R4
, (1)
g0i = γ ζi + v γ
2
(
− 4M
R
+
M2 +Q2
R2
)
δi1 − v γ (M
2 −Q2 )X1 [Xi + ( γ − 1 )X1 δi1 ]
R4
+
2
(
γ2 + v2γ2 − γ) aM X2 δi1
R3
, (2)
gij =
(
1+
M
R
)2
δij+v
2γ2
(
4M
R
−M
2+Q2
R2
)
δi1δj1−vγ
[
ζi δj1+ζj δi1+
4(γ−1) aMX2
R3
δi1δj1
]
+
(
M2 −Q2 ) [Xi + (γ − 1)X1 δi1 ] [Xj + (γ − 1)X1 δj1 ]
R4
, (3)
where i, j = 1, 2, or 3, γ = (1 − v2)− 12 is Lorentz factor, and δij denotes Kronecker
delta. Φ = −M
R
represents Newtonian gravitational potential, with
X2
1
+X2
2
R2+a2
+
X2
3
R2
= 1 and
X ·dX ≡ X1dX1+X2dX2+X3dX3. The symbol ζ ≡ 2aMR3 (X × e3) = (ζ1, ζ2, 0) is a
new vector potential [25] and a ≡ J
M
is the angular momentum per mass. We assume the
relation a2 +Q2 ≤M2 to avoid the naked singularity for the black hole. In order to calculate
the gravitational deflection of test particles up to second order, we only need the following
components of the inverse of the metric up to 1PM order
gtt = −1 − 2(1 + v
2)γ2M
R
, (4)
gxx = 1− 2(1 + v
2)γ2M
R
, (5)
gyy = gzz = 1− 2M
R
, (6)
gtx = gxt = −4vγ
2M
R
. (7)
Note that the coordinates X0, X1, X2, and X3 in Eqs. (1) - (3) are related to the
coordinates t, x, y, and z by the common Lorentz transformation
X0 = T = γ(t− vx) , (8)
X1 = X = γ(x− vt) , (9)
X2 = Y = y , (10)
X3 = Z = z . (11)
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Thus, the partial derivatives of R with respective to t, x, y, and z can be expressed as
∂R
∂t
=
−v(x− vt)γ2R
2R2 + a2 − [γ2(x− vt)2 + y2 + z2] , (12)
∂R
∂x
=
(x− vt)γ2R
2R2 + a2 − [γ2(x− vt)2 + y2 + z2] , (13)
∂R
∂y
=
yR
2R2 + a2 − [γ2(x− vt)2 + y2 + z2] , (14)
∂R
∂z
=
z(R2 + a2)
R {2R2 + a2 − [γ2(x− vt)2 + y2 + z2]} . (15)
For simplicity, we only consider the propagation of test particles confined to the
equatorial plane (z = 0) of the gravitational lens, and therefore there is one Killing vector
field
(
∂
∂z
= 0
)
in the moving KN geometry. After tediously but straightforward calculating
the nonvanishing components of the affine connection, as shown in Appendix A, we obtain
the explicit geodesic equations up to 2PM order as follows
0 = t¨+
v γ3 t˙2X
R2
[
−(1 + v
2)M
R
+
(v2 − 4)M2 +Q2
R2
+
v2(M2 −Q2) (y2 −X2)
R4
+
6 v aMy
R3
]
+
γ3 x˙2X
R2
{
v ( v2−3 )M
R
+
v [ (1−4v2)M2+(2−v2 )Q2 ]
R2
+
v (M2−Q2) (y2−X2)
R4
+
6 aM y
R3
}
+
2γ3 t˙ x˙X
R2
[
(1+v2)M
R
+
3v2M2−Q2
R2
− v
2(M2−Q2)(y2−X2)
R4
− 6 vaMy
R3
]
+
2(1+v2)γ2Mt˙ y˙ y
R3
−4 vγ
2M x˙ y˙ y
R3
, (16)
0 = x¨+
γ3 t˙2X
R2
[
(1−3v2)M
R
+
(v2 − 4)M2+(2v2−1)Q2
R2
+
v2(M2−Q2) (y2−X2)
R4
+
6v3aMy
R3
]
+
γ3 x˙2X
R2
[
−(1+v
2)M
R
+
(1−4v2)M2+v2Q2
R2
+
(M2−Q2) (y2−X2)
R4
+
6vaMy
R3
]
+
2 v γ3 t˙ x˙X
R2
×
[
(1+v2)M
R
+
3M2−v2Q2
R2
− (M
2−Q2) (y2−X2 )
R4
− 6 v aMy
R3
]
+
2 γ M (vX˙0−X˙) y˙ y
R3
, (17)
0 = y¨ + t˙2
{
γ2 y
R2
[
(1 + v2 )M
R
− (4 + v
2 )M2 +Q2
R2
+
v2 (M2−Q2 ) (y2−X2)
R4
]
− 2 v γ
2 aM
R3
}
+ x˙2
{
γ2 y
R2
[
( 1 + v2 )M
R
− ( 1 + 4 v
2 )M2 + v2Q2
R2
+
(M2−Q2 ) ( y2−X2 )
R4
]
− 2 v γ
2 aM
R3
}
+2 γ2 t˙ x˙
[
−2vMy
R3
+
v(5M2+Q2)y
R4
− v(M
2−Q2)(y2−X2)y
R6
+
(1+v2)aM
R3
]
− 2MX˙y˙X
R3
, (18)
where dots denote derivatives with respect to p while p is a parameter describing the
trajectory, and y˙ has been assumed to be the order of Φ. Note that Eqs. (16) - (18) correspond
respectively to the t, x, and y−component of geodesic equations and that the motion is
restricted to the equatorial plane. Eqs. (16) - (18) can also be obtained via Euler-Lagrange
Method, as shown in Appendix B. For the case with v = 0, Eqs. (16) - (18) reduce to the
geodesic equations of test particles in the field of a non-moving KN black hole
0 = t¨+
2 t˙
[
(MR−Q2) x˙ x+M R y˙ y ]
R4
+
6 aM x˙2 x y
R5
, (19)
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0 = x¨+
t˙2x
R2
(
M
R
− 4M
2+Q2
R2
)
+
x˙2x
R2
[
−M
R
+
M2
R2
+
(M2−Q2) (y2−x2)
R4
]
− 2Mx˙ y˙ y
R3
, (20)
0 = y¨ +
t˙2y
R2
(
M
R
− 4M
2+Q2
R2
)
+
x˙2y
R2
[
M
R
−M
2
R2
+
(M2−Q2) (y2−x2)
R4
]
− 2Mx˙y˙x
R3
+
2aMt˙x˙
R3
,
(21)
where R reduces to
√
x2 + y2 − a2 and can be approximated by
√
x2 + y2 in the
computation of the deflection up to second order. For the Schwarzschild black hole being
the gravitational source (v = a = Q = 0), Eqs. (16) - (18) are simplified to
0 = t¨+
2M t˙ (x x˙+ y y˙)
R3
, (22)
0 = x¨+
M x
[
(R− 4M) t˙2−(R−M) x˙2 ]
R4
− 2M x˙ y˙ y
R3
+
M2 x˙2 (y2 − x2)x
R6
, (23)
0 = y¨ +
M y
[
(R − 4M) t˙2 + (R−M) x˙2]
R4
− 2M x˙ y˙ x
R3
+
M2 x˙2 (y2 − x2) y
R6
. (24)
3. Gravitational deflection of test particles due to a moving Kerr-Newman black hole
In this section, we numerically study the influences of the motion of Kerr-Newman black hole,
especially the relativistic velocity effects, on the propagations of test particles including light.
We will concentrate on the kinematical corrections to the second-order deflection, since the
1PM gravitational deflection has been investigated in detail [7].
3.1. Notations and basics of numerical simulations
The initial velocity of a test particle is assumed to bew, and the impact factor is denoted as b.
The schematic diagram for gravitational deflection of test particles caused by the moving KN
black hole is shown in Fig. 1. In order to investigate the kinematically correctional effects, we
assume the general form for the gravitational deflection angle of test particles including light
up to second order due to the moving KN black hole as
α(v, w) = N1(v, w)
4M
b
+N2(v, w)
15pi
4
M2
b2
−N3(v, w)4Ma
b2
−N4(v, w)3pi
4
Q2
b2
, (25)
which is based on the analytical formulae in the previous works [26, 27, 28, 29, 30, 31]. Here
the two-variable functionNi(v, w) (i = 1, 2, 3, or 4) represents the kinematical coefficient to
characterize the effects of velocities of both the gravitational source and test particle, similar
to the definitions in the previous works [7, 32]. Notice that for the case of light deflection by a
stationary KN black hole (v = 0 and w = 1),N1(0, 1) = N2(0, 1) = N3(0, 1) = N4(0, 1) =
1, and Eq. (25) reduces to [26]
α(0, 1) =
4M
b
+
15pi
4
M2
b2
− 4Ma
b2
− 3pi
4
Q2
b2
. (26)
In the numerical simulations, there are six boundary conditions (or starting conditions)
t(p)|p=−xmax = −
xmax
w
, x(p)|p=−xmax = −xmax , y(p)|p=−xmax = −b , (27)
t˙(p)
∣∣
p=−xmax
=
1
w
, x˙(p)|p=−xmax = 1 , y˙(p)|p=−xmax = 0 . (28)
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Ó
M Q
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y
Figure 1. Schematic diagram for gravitational deflection of test particles by a radially moving
KN black hole with a constant velocity v = ve1. The starting position of a test particle at
the time t = 0 is assumed to be (−∞,−b, 0). In the numerical calculations, we use the
symbol −xmax, in which xmax (> 0) denotes the finite maximum value that p will take
in the simulations, to replace the infinity −∞ (for enough large xmax). The thick blue line
represents the propagation path of a test particle coming from p = −∞with the initial velocity
w|p→−∞ (≈ w|p→−xmax) = we1 (0 < w ≤ 1 and v < w). As mentioned above, the angular
momentum vector J of the moving source is along positive z−axis (a > 0), and thus the test
particle takes prograde motion relative to the source’s spin. The deflection angle α (being
greatly exaggerated), detected in the background’s rest frame (t, x, y, z), is positive since
Y |p→−∞ (≈ Y |p→−xmax) = −b < 0.
The computation domain for the trajectory parameter is set as p ∈ [−xmax, xmax]. The value
of the parameter b is chosen as 1.0 × 105M to guarantee a weak field, and xmax is much
larger than b and chosen as 1.0 × 1010M (= 1.0 × 105b). The mass M of the gravitational
source is set as 2.5 × 106M⊙ (∼ 3.6875 × 106km) which is close to the mass of Sagittarius
A∗ at the galactic center [33, 34, 35, 36], where M⊙ is the mass of the sun. Notice that
the conclusions below are independent on this specifically chosen value of the gravitational
mass. The deflection angle of a test particle can be numerically calculated via integrating the
geodesic equations (i.e., Eqs. (16) - (18)) as follow
α(v, w)N = (arctan y˙)p→xmax = arctan
dy
dp
∣∣∣∣
p→xmax
. (29)
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Figure 2. Comparison between the numerical result (long dashed red line) of N2(v, 1) and
the analytical coefficientN1(v, 1) = (1 − v)γ (short dashed blue line).
Here and thereafter, the quantity with the subscript N denotes the value obtained by
the numerical calculation. We employ Mathematica to do all calculations, in which
AccuracyGoal = 39 and PrecisionGoal = 13 are chosen and the numerical methods
NDSolve and ParametricNDSolve for solving the equations of motion are used.
3.2. Gravitational deflection of light up to second order
For the light deflection, the coefficient Ni(v, w) in Eq. (25) reduces to Ni(v, 1), and the
analytical forms for the first and third coefficients have been given in previous works [7, 32,
37]: N1(v, 1) = N3(v, 1) = (1 − v)γ. Therefore, we concentrate on N2(v, 1) and N4(v, 1),
corresponding to the contributions by the second-order moving-Schwarzschild deflection and
the charge-induced deflection respectively.
3.2.1. Determination of kinematical coefficient N2(v, 1) The second-order Schwarzschild
deflection 15π
4
M2
b2
is larger than the second-order Kerr term 4Ma
b2
, hence the kinematical
correctional effect on the former is very likely to be more obvious than that on the latter. In
order to determine N2(v, 1), we can numerically integrate Eqs. (16) - (18) with a = Q = 0,
utilize the explicit form of N1(v, 1), and finally express N2(v, 1)N as follow
N2(v, 1)N =
α(v, 1)N−SS − 4(1−v)γMb
15πM2
4b2
, (30)
where α(v, 1)N−SS denotes the numerical result of light deflection angle up to second order
due to a moving-Schwarzschild source.
Light and Massive Particle Deflection by a Moving KN Black Hole 8
N4Hv, 1LN
H1-vLΓ
-1.0 -0.5 0.0 0.5 1.0
0
1
2
3
4
5
6
7
v
N 4
Figure 3. N4(v, 1)N (long dashed red line) plotted to compare with N1(v, 1) = N2(v, 1) =
(1 − v)γ (short dashed blue line), with Q = 0.99M . Notice that here Q should be chosen as
large as possible to reduce the computational error, though any value in the range (0,M) can
be chosen theoretically.
Fig. 2 presents the numerical result of N2(v, 1) with various velocity v. For comparison
N1(v, 1) is also plotted in the figure. We surprisedly find that N2(v, 1)N is consistent with
N1(v, 1) and the relative error is less than 0.01%. In other words, the kinematical coefficient
in the second-order moving-Schwarzschild contribution is the same as that in the first-order
term, i.e., N2(v, 1) = N1(v, 1) = (1− v)γ.
3.2.2. Determination of kinematical coefficientN4(v, 1) The chargeQ of the black hole can
also induce a gravitational deflection of test particle [27]. Similarly, we determine N4(v, 1)
by numerically solving the 2PM geodesic equations of light in the field of a moving Reissner-
Nordstro¨m (RN) black hole, i.e., integrating Eqs. (16) - (18) with a = 0. Based on the explicit
forms of N1(v, 1) and N2(v, 1), the numerical result of N4(v, 1) can be expressed as
N4(v, 1)N =
α(v, 1)N−RN − (1− v)γ
(
4M
b
+ 15π
4
M2
b2
)
−3πQ2
4b2
, (31)
where α(v, 1)N−RN denotes the numerical result of light deflection angle up to the second
order caused by the moving RN source.
Considering the fact thatN1(v, 1) = N2(v, 1) = (1−v)γ, we conjectureN4(v, 1)might
also be (1 − v)γ. Fig. 3 shows the comparison between N4(v, 1)N and (1 − v)γ, and it can
be seen that they match with each other perfectly. Therefore we have N4(v, 1) = (1− v)γ.
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v α(v, 1)N (rad) α(v, 1) (rad) ξtotal(%)
0.9 0.000009176840208 0.000009176840232 2.62×10−7
0.5 0.000023094541442 0.000023094541464 9.22×10−8
0.1 0.000036182192760 0.000036182192790 8.39×10−8
0.01 0.000039602890160 0.000039602890194 8.77×10−8
0.001 0.000039960938218 0.000039960938254 8.84×10−8
0.00001 0.000040000519150 0.000040000519185 8.84×10−8
0 0.000040000919157 0.000040000919192 8.82×10−8
−0.00001 0.000040001319168 0.000040001319204 8.84×10−8
−0.001 0.000040040940096 0.000040040940132 8.88×10−8
−0.01 0.000040402948546 0.000040402948582 8.94×10−8
−0.1 0.000044222680035 0.000044222680077 9.57×10−8
−0.5 0.000069283624270 0.000069283624391 1.75×10−7
−0.9 0.000174359962643 0.000174359964408 1.01×10−6
Table 1. The relative difference between the analytical and numerical results for the light
deflection angle. α(v, 1)N is defined in Eq. (29). ξtotal denotes the relative difference (or
relative error) between them. As an example, here we set a = Q = 0.5M in the numerical
simulation.
v = - 0.5
v = - 0.9
v = - 0.1v = 0
v = 0.1
v = 0.5
v = 0.9
-3´1012 -2´1012 -1´1012 0 1´1012 2´1012 3´1012
-3.68750 ´1011
-3.68745 ´1011
-3.68740 ´1011
-3.68735 ´1011
-3.68730 ´1011
-3.68725 ´1011
-3.68720 ´1011
-3.68715 ´1011
pHkmL
yH
pL
Hk
m
L
Figure 4. The trajectories of light in the time-dependent gravitational field of the moving KN
black hole for various v, with a = Q = 0.5M (as an example).
3.2.3. Light deflection angle up to second order From the discussions above, the light
deflection angle up to second order due to a constantly radially moving Kerr-Newman black
hole can be written as
α(v, 1) = (1− v)γ
(
4M
b
+
15pi
4
M2
b2
− 4Ma
b2
− 3pi
4
Q2
b2
)
. (32)
It should be emphasized that this formula is obtained based on numerical calculations and
still needs to be confirmed by an analytical calculation. Table 1 gives the comparison between
the analytical and numerical results for the moving KN deflection angle of light, and we
can see their difference is very small (average difference is about 0.01µas). Fig. 4 shows the
propagation paths of light in the time-dependent field of the moving KN black hole for various
v. It can be seen that the correctional effects become distinguishable when the velocity v of
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w α(0, w)N α(0, w)AR α(0, w)BSN ξAR (%) ξBSN (%)
0.99 0.000040407278237 0.000040407278246 0.000040407270041 2.12×10−8 2.03×10−5
0.9 0.000044692757184 0.000044692757197 0.000044692652365 2.96×10−8 2.35×10−4
0.5 0.000100004005252 0.000100004005531 0.000100001005531 2.79×10−7 3.00×10−3
0.36 0.000174328493448 0.000174328495479 0.000174316787995 1.16×10−6 6.72×10−3
Table 2. The comparison among numerical and theoretical Schwarzschild deflection angles of
a massive particle up to second order. ξAR and ξBSN denote the relative errors of α(0, w)AR
and α(0, w)BSN with respect to the numerical result α(0, w)N , respectively.
the moving source is relativistic such as |v| & 0.02, and turn to be very obvious for the highly
relativistic motion (e.g., |v| > 0.5).
Eq. (32) indicates that the kinematically correctional factor (1 − v)γ applies not only
to the first-order gravito-electric deflection [7], but also to the second-order gravitational
deflection, including the second-order gravito-electric, gravito-magnetic, and charge-induced
deflections. In the limit of low velocity (|v| ≪ 1), Eq. (32) reduces to
α(v, 1) =
4M
b
+
15pi
4
M2
b2
−4Ma
b2
−3pi
4
Q2
b2
− v
(
4M
b
+
15pi
4
M2
b2
−4Ma
b2
−3pi
4
Q2
b2
)
, (33)
which extends the previous kinematically correctional result obtained in the FOV and FOD
approximations [1, 7, 38, 39]
α(v, 1) =
4M
b
− 4vM
b
. (34)
3.3. Gravitational deflection of massive particle up to second order
In this section, we investigate the gravitational deflection of massive particles up to second
order, and discuss the kinematical effects on the massive particle deflection due to the moving
KN black hole. The small-angle and weak-field approximations are used to restrict the initial
velocity w ∈ [wmin, 1), where wmin(> 0) denotes the lower limit of w and depends on the
impact factor b. For example, w should satisfy the condition w & 0.36, supposing b and the
small deflection angle α are set to be 1.0× 105M and 0.01◦, respectively.
3.3.1. Massive particle deflection by a non-moving Schwarzschild black hole In the
literature, there exist two different analytical formulae for Schwarzschild deflection of massive
particle up to second order as follow [40, 41]
α(0, w)AR = 2
(
1 +
1
w2
)
M
b
+ 3pi
(
1
4
+
1
w2
)
M2
b2
, (35)
α(0, w)BSN = 2
(
1 +
1
w2
)
M
b
+
[
3pi
(
1
4
+
1
w2
)
+ 2
(
1− 1
w4
)]
M2
b2
, (36)
where α(0, w)AR and α(0, w)BSN denote the analytical formulations given in Refs. [40]
and [41], respectively. The difference is in the second-order terms. Here we can numerically
solve the 2PM geodesic equations of massive particle in the Schwarzschild spacetime, i.e.,
Eqs. (22) - (24), to examine the reported formulae.
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ΑH0,wLAR-second order
ΑH0,wLN-second order
ΑH0,wLBSN-second order
0.4 0.5 0.6 0.7 0.8 0.9 1.0
0
2.´ 10-9
4.´ 10-9
6.´ 10-9
w
Α
H0
,w
L
Figure 5. The comparison among the second-order contributions given by α(0, w)AR,
α(0, w)BSN , and α(0, w)N , respectively.
Table 2 presents the comparison among α(0, w)AR, α(0, w)BSN , and the numerical
result α(0, w)N for various velocity w of massive particle. We can see that α(0, w)AR agrees
with α(0, w)N much better than α(0, w)BSN does. The difference is small since the first-
order terms are dominant. Fig. 5 shows the comparison among the second-order contributions
given by α(0, w)AR, α(0, w)BSN , and α(0, w)N , respectively. We can see that α(0, w)N
matches with α(0, w)AR perfectly, and differs from α(0, w)BSN . Note that the numerical
result is based on the harmonic Schwarzschild metric, which is different from the approaches
in the previous works.
3.3.2. Massive particle deflection by a non-moving Kerr black hole Based on the analytical
formulations of Schwarzschild deflection of massive particle [40] and the second-order Kerr
contribution [32], we can write down the deflection angle of a massive particle up to second
order due to a stationary Kerr black hole as
α(0, w) = 2
(
1 +
1
w2
)
M
b
+ 3pi
(
1
4
+
1
w2
)
M2
b2
− 1
w
4Ma
b2
. (37)
Fig. 6 presents the comparison between the analytical coefficient N3(0, w) = 1/w and
its numerical computation which is defined as
N3(0, w)N =
arctan ∂y(w, p)
∂p
∣∣∣
p→xmax
− 2 (1 + 1
w2
)
M
b
− 3pi (1
4
+ 1
w2
)
M2
b2
−4Ma
b2
. (38)
It can be seen that the theoretical value of N3(0, w) matches with the numerical result very
well.
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N3H0,wLN
1
w
0.4 0.5 0.6 0.7 0.8 0.9 1.0
1.0
1.5
2.0
2.5
w
N 3
Figure 6. The comparison between the numerical result (long dashed red line) of the
coefficient N3(0, w) and its theoretical value (short dashed blue line), with a = 0.99M as
an example.
3.3.3. Massive particle deflection by a non-moving KN black hole The second-order charge-
induced contribution to gravitational deflection of massive particle is characterized by the
term N4(0, w)
3π
4
Q2
b2
. We can solve Eqs. (19) - (21) to obtain the numerical value of the
coefficient N4(0, w). Fig. 7 shows N4(0, w)N as the function of w. For comparison,
N2(0, w) =
1
5
(
1 + 4
w2
)
and N3(0, w) =
1
w
are also given.
3.3.4. Massive particle deflection by a moving KN black hole For a general case (a 6=
0, Q 6= 0, − 1 < v < 1, wmin ≤ w < 1), we can also numerically solve Eqs. (16) -
(18) and utilize Eq. (29) to calculate the gravitational deflection angle α(v, w)N up to second
order. Fig. 8 presents α(v, w)N as the function of both v and w for the moving Kerr-Newman
black hole with a = Q = 0.5M as an example.
Up to now, we have discussed the gravitational deflection of test particles up to second
order by the moving KN source, with the help of numerical simulations. In the next section,
we will analyze the possibilities to detect the kinematical corrections to the second-order
deflection in the astronomical observations.
4. Possibilities to detect the kinematically correctional effects
The techniques of high-accuracy angle measurement at the level of µas have been achieved in
nowadays astronomical projects. The accuracy of ESA’s telescope GAIA [42] is about 7µas
and 25µas for V magnitude = 12 and 15, respectively [43]. In contrast to GAIA, the proposed
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1
5
H1+ 4
w2
L
N4H0, wLN
1
w
0.4 0.5 0.6 0.7 0.8 0.9 1.0
1
2
3
4
5
w
N 4
Figure 7. N4(0, w)N (thick green line) plotted to compare with the analytical coefficients
N2(0, w) (dashed blue line) and N3(0, w) (thin black line). As an example, here we set
a = 0.1M andQ = 0.99M .
-1.0
-0.5 0.0 0.5 1.0
v
0.4
0.6
0.8
1.0
w
0.0000
0.0001
0.0002
0.0003
ΑHv, wLN
Figure 8. α(v, w)N plotted as the function of two variables v and w, with a = Q = 0.5M .
Here we set the range of v to be −0.999 ≤ v ≤ 0.999 (v < w) in the simulations.
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v \ ( a, Q ) ( 0.99M, 0 ) ( 0.99M, 0.1M ) ( 0.5M, 0.5M ) ( 0.1M, 0.99M ) ( 0, 0.99M ) ( 0, 0 )
0.9 124.31 123.94 146.10 144.19 150.55 187.25
0.1 15.40 15.35 18.10 17.86 18.65 23.20
0.01 1.61 1.60 1.89 1.86 1.94 2.42
0.001 0.16 0.16 0.19 0.19 0.20 0.24
0.0001 ⋆ ⋆ ⋆ ⋆ ⋆ ⋆
Table 3. The magnitude (µas) of the kinematical correction ∆(v, a, Q) to the second-order
light deflection for various v. Several combinations of a and Q are listed as examples. The
star “⋆” denotes the value which is less than 0.05µas (the accuracy of NEAT). Notice that here
we present the cases with high-magnitude charge mainly for illustration, since in most cases
the possible original charge of the black hole in the Universe may have been neutralized or
become very small up to now.
project SIM had achieved a higher accuracy ∼ 1µas for narrow angle though it was cancelled.
As mentioned above, NEAT plans to achieve a much higher accuracy than SIM. These high-
accuracy astronomical surveys, greatly promote the theoretical investigations of the detectable
kinematical effects (especially relativistic motion effects) which appear in leading high-order
terms of classic tests of general relativity, such as time delay [44] and frequency shift [44, 45]
of electromagnetic waves. The theoretical model established in this work, shows a possibility
to observe the velocity effects on the second-order gravitational deflection.
We first consider light deflection. Table 3 gives the magnitude of the kinematical
correction∆(v, a, Q) = [1− (1−v)γ]
(
15π
4
M2
b2
− 4Ma
b2
− 3π
4
Q2
b2
)
to the second-order deflection
given in Eq. (32). It is found that the correctional effect ∆(v, a, Q) on the second-
order deflection may be larger than the accuracy of NEAT, even though the source is
nonrelativistic (not to mention the relativistic case). For example, when the velocity of
a moving Schwarzschild source (a = Q = 0) is about 2.058 × 10−4 ∼ 61.7km/s, the
kinematical correction to the second-order deflection angle will reach 0.05µas. This velocity
is lower than the velocities of many celestial bodies, such as star µ Cas (space velocity
∼ 145km/s) [46], X-ray point source RX J0822−4300 (recoil velocity> 500km/s) [47, 48],
and pulsars B2224 + 65 (transverse velocity ≥ 800km/s) [49] and B1508 + 55 (transverse
velocity ∼ 1083+103−90 km/s) [50]. The heliocentric radial velocity (∼ 620km/s) of the first
hypervelocity star in Large Sky Area Multi-Object Fiber Spectroscopic Telescope (LAMOST)
survey [51, 52, 53] is much larger than this velocity. Even the circular velocity (∼ 220km/s)
of the sun around galaxy center also exceeds it. Therefore, there is a good possibility to detect
the nonrelativistic kinematical effects on the second-order light deflection by high-accuracy
telescopes such as NEAT.
We then consider a massive particle with a relativistic initial velocity as the test particle,
such as a high-speed neutron in secondary cosmic rays. We can numerically estimate the
magnitude of the kinematical correction ∆(v, w, a, Q) to the second-order massive particle
deflection. We take a neutron with w = 0.5 and set a = Q = 0.5M as an example. It
is found that ∆(v, 0.5, a, Q) is about 94.68µas, 0.70µas, 0.07µas (> 0.05µas) for v =
0.1, 0.001, 0.0001 (∼ 30km/s), respectively. We conclude that the possibility to detect
the nonrelativistic correctional effects on the second-order deflection of massive particle via
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these high-accuracy telescopes is also large.
5. Summary
In this paper, starting from the 2PM harmonic metric of the radially moving KN black
hole, we have derived the explicit equations of motion and investigated the gravitational
deflection of test particles including light up to second order, based on the high-accuracy
numerical calculations. We focus on discussing the detectable kinematical effects (including
both relativistic and nonrelativistic correctional effects) on the second-order deflection.
Main results are summarized as follows. Firstly, we obtain the analytical form for
the gravitational deflection angle of light up to second order due to the moving KN source
(see Eq. (32)). Secondly, our numerical calculations verify the analytical formula (given in
Ref. [40]) for the Schwarzschild deflection of a massive particle up to second order. Thirdly,
the analytical massive particle deflection angle up to second order in the Kerr geometry is
achieved (see Eq. (37)). Fourthly, our numerical approach can be used to calculate the
deflection angle of a massive particle up to second order due to the movingKN source. Finally,
the possibilities for detecting the kinematical effects by the high-resolution astronomical
surveys such as NEAT are also discussed.
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Appendix A. nonvanishing components of Christoffel symbols
Based on Eqs. (1) - (15), we directly derive the nonvanishing Christoffel symbols as follows
Γttt =
v γ3X
R2
[
−(1+v
2 )M
R
− (4− v
2)M2 −Q2
R2
+
v2 (M2−Q2) (y2−X2)
R4
+
6 v aMy
R3
]
, (A.1)
Γttx = Γ
t
xt =
γ3X
R2
[
( 1+v2 )M
R
+
3 v2M2−Q2
R2
− v
2 (M2−Q2) (y2−X2)
R4
− 6 v aMy
R3
]
, (A.2)
Γtty = Γ
t
yt =
γ2 y
R2
[
(1+v2)M
R
− v
2M2+Q2
R2
+
2 v2(M2−Q2)X2
R4
− 6vaMy
R3
]
+
2vγ2aM
R3
, (A.3)
Γtxy=Γ
t
yx= −γ2
{
vy
R2
[
2M
R
−M
2+Q2
R2
+
2(M2−Q2)X2
R4
]
+
aM
[
3(X2−y2)−v2R2 ]
R5
}
, (A.4)
Γtxx=
γ3X
R2
[
v(v2−3)M
R
+
v[(1 − 4v2)M2+(2−v2)Q2]
R2
+
v(M2−Q2)(y2−X2)
R4
+
6aMy
R3
]
, (A.5)
Γtyy =
γ X
R2
[
vM
R
− vM
2
R2
+
v (M2−Q2) (X2−y2)
R4
− 6 aMy
R3
]
, (A.6)
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Γxtt=
γ3X
R2
[
(1−3v2)M
R
+
(v2−4)M2+(2v2−1)Q2
R2
+
v2(M2−Q2)(y2−X2)
R4
+
6v3aMy
R3
]
, (A.7)
Γxxx =
γ3X
R2
[
−(1 + v
2)M
R
+
(1− 4v2)M2+v2Q2
R2
+
(M2−Q2) (y2−X2)
R4
+
6 v aMy
R3
]
, (A.8)
Γxyy =
γX
R2
[
M
R
− M
2
R2
+
(M2 −Q2) (X2 − y2)
R4
− 6 v aMy
R3
]
, (A.9)
Γxtx = Γ
x
xt =
v γ3X
R2
[
(1+v2 )M
R
+
3M2 − v2Q2
R2
− (M
2−Q2) (y2−X2 )
R4
− 6 v aMy
R3
]
, (A.10)
Γxty = Γ
x
xt =
vγ2y
R2
[
2M
R
−M
2 +Q2
R2
+
2(M2−Q2)X2
R4
]
− aMγ
2
[
R2+3v2 (y2−X2 )]
R5
, (A.11)
Γxxy=Γ
x
yx=−
γ2 y
R2
[
(1+v2)M
R
−M
2+v2Q2
R2
+
2X2(M2−Q2)
R4
− 6 v aMy
R3
]
− 2 vγ
2aM
R3
, (A.12)
Γytt =
γ2 y
R2
[
(1+v2 )M
R
− (4+v
2 )M2+Q2
R2
+
v2 (M2−Q2) (y2−X2)
R4
]
− 2 v γ
2 aM
R3
, (A.13)
Γyxx =
γ2 y
R2
[
(1+v2)M
R
− (1+4 v
2)M2+v2Q2
R2
+
(M2−Q2) (y2−X2)
R4
]
− 2 v γ
2 aM
R3
, (A.14)
Γyyy = −
M y
R3
+
M2 y
R4
+
(M2−Q2 ) (X2 − y2 ) y
R6
, (A.15)
Γytx = Γ
y
xt =
2 v γ2 y
R2
[
−M
R
+
(M2 −Q2)X2
R4
+
2M2 +Q2
R2
]
+
(1 + v2)γ2aM
R3
, (A.16)
Γyty = Γ
y
yt =
v γX
R2
[
M
R
− M
2
R2
+
2(M2 −Q2)y2
R4
]
, (A.17)
Γyxy = Γ
y
yx =−
γX
R2
[
M
R
− M
2
R2
+
2(M2−Q2)y2
R4
]
, (A.18)
where we have neglected the third- and higher-order terms, the independence of the metric on
z has been taken into account, and the simplified form of R =
√
γ2(x− vt)2 + y2 − a2 has
been used. Notice that R can be further approximated by
√
γ2(x− vt)2 + y2 for calculating
the gravitational deflection up to second order.
Appendix B. 2PM equations of motion derived by the Euler-Lagrange method
The explicit form of the Lagrangian L = −gµν x˙µx˙ν (µ, ν run over the values 0, 1, 2) [7]
for a test particle propagating on the equatorial plane of the moving gravitational source is
written as
L = t˙ 2
[
1− 2(1+v
2)γ2M
R
+
M2+γ2(M2+Q2)
R2
+
4vγ2aMX2
R3
− v
2γ2(M2−Q2)X21
R4
]
− x˙2×
[
1+
2(1+v2)γ2M
R
+
M2−v2γ2(M2+Q2)
R2
− 4vγ
2aMX2
R3
+
γ2(M2−Q2)X21
R4
]
−y˙2
[(
1+
M
R
)2
+
(M2−Q2)X22
R4
]
+ 2 t˙ x˙
{
v γ2
[
4M
R
−M
2 +Q2
R2
+
(M2−Q2)X21
R4
]
− 2(1+v
2)γ2 aM X2
R3
}
+2 t˙ y˙
[
2 γ aMX1
R3
+
v γ (M2−Q2)X1X2
R4
]
−2 x˙ y˙
[
2 vγ aMX1
R3
+
γ(M2−Q2)X1X2
R4
]
, (B.1)
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where dots denote derivatives with respect to the trajectory parameter ξ which has the same
physical meaning as p. We substitute Eq. (B.1) into the Euler-Lagrange equation
d
dξ
∂L
∂q˙
− ∂L
∂q
= 0 , (q = t, x, y) , (B.2)
and get the equations of motion up to second post-Minkowskian order as follows:
0 = t¨+
vγ3 t˙ 2X
R2
[
−(1 + v
2)M
R
− v
2(7+v2) γ2M2−Q2
R2
+
v2(M2−Q2) (y2−X2)
R4
+
6 v aMy
R3
]
+
γ3x˙2X
R2
[
v(v2−3)M
R
− v[(3+9v
2−4v4)γ2M2+(v2−2)Q2]
R2
+
v(M2−Q2)(y2−X2)
R4
+
6aMy
R3
]
+
2 γ3 t˙ x˙ X
R2
[
(1 + v2)M
R
+
v2 (7 + v2) γ2M2 −Q2
R2
− v
2 (M2 −Q2) (y2−X2)
R4
− 6 v aMy
R3
]
+
2 (1 + v2) γ2M t˙ y˙ y
R3
− 4 vγ
2M x˙ y˙ y
R3
+
4 vγ2M x¨
R
, (B.3)
0 = x¨+
γ3 t˙ 2X
R2
[
( 1− 3 v2 )M
R
+
(− 4 + 9 v2 + 3 v4 ) γ2M2 + (2 v2 − 1 )Q2
R2
+
6 v3 aMy
R3
+
v2(M2−Q2) (y2−X2)
R4
]
+
γ3 x˙2X
R2
[
−(1 + v
2)M
R
+
(1 + 7 v2) γ2M2 + v2Q2
R2
+
6 v aMy
R3
+
(M2−Q2) (y2−X2)
R4
]
+
2 v γ3 t˙ x˙ X
R2
[
(1 + v2)M
R
− (1 + 7 v
2) γ2M2+ v2Q2
R2
− 6 v aMy
R3
− (M
2 −Q2) (y2 −X2)
R4
]
+
2 γ M (v X˙0 − X˙) y˙ y
R3
− 4 v γ
2M t¨
R
, (B.4)
0 = y¨ + t˙ 2
{
γ2 y
R2
[
(1 + v2)M
R
− (4 + v
2)M2+Q2
R2
+
v2(M2−Q2) (y2 −X2)
R4
]
− 2 v γ
2 aM
R3
}
+ x˙2
{
γ2 y
R2
[
( 1 + v2 )M
R
− ( 1 + 4 v
2 )M2 + v2Q2
R2
+
(M2 −Q2) (y2 −X2)
R4
]
− 2 v γ
2 aM
R3
}
+2γ2 t˙ x˙
[
−2vMy
R3
+
v(5M2+Q2)y
R4
− v(M
2−Q2)(y2−X2)y
R6
+
(1+v2)aM
R3
]
− 2MX˙y˙X
R3
, (B.5)
where R can be approximated by
√
X2 + Y 2 for the deflection up to second order. Here we
have also regarded the order of y˙ and y¨ as Φ and ignored the third- and higher-order terms.
The main relations used in the calculations of Eqs. (B.3) - (B.5) are given as follows:
X˙0 = T˙ = γ(t˙− vx˙) , X˙1 = X˙ = γ(x˙− vt˙) , X˙2 = Y˙ = y˙ , (B.6)
∂R
∂t
= −vγX
R
, (B.7)
∂
∂t
X2
R4
=
2vγX(X2 − y2)
R6
, (B.8)
∂R
∂x
=
γX
R
, (B.9)
∂
∂x
X2
R4
=
2γX(y2 −X2)
R6
, (B.10)
∂R
∂y
=
y
R
, (B.11)
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∂
∂y
y
R3
=
X2 − 2y2
R5
, (B.12)
dR
dξ
=
XX˙ + yy˙
R
, (B.13)
d
dξ
X
R3
=
R2X˙ − 3X(XX˙ + yy˙)
R5
, (B.14)
d
dξ
y
R3
=
R2y˙ − 3y(XX˙ + yy˙)
R5
, (B.15)
d
dξ
X2
R4
=
2R2XX˙ − 4X2(XX˙ + yy˙)
R6
, (B.16)
d
dξ
y2
R4
=
2R2yy˙ − 4y2(XX˙ + yy˙)
R6
, (B.17)
d
dξ
Xy
R4
=
R2(X˙y +Xy˙)− 4Xy(XX˙ + yy˙)
R6
. (B.18)
In order to compare Eqs. (B.3) - (B.5) with Eqs. (16) - (18), we need to calculate the
explicit forms for t¨ and x¨ up to 1PM order, which are not difficult to be obtained by solving
Eqs. (B.3) - (B.4) in the 1PM approximation as
t¨ =
γ3
[
v(1 + v2)t˙ 2 − 2(1 + v2)t˙x˙+ v(3− v2)x˙2]MX
R3
, (B.19)
x¨ =
γ3
[
(1 + v2)x˙2 − 2v(1 + v2)t˙x˙− (1− 3v2)t˙ 2]MX
R3
. (B.20)
Substituting Eqs. (B.19) and (B.20) into Eqs. (B.4) and (B.3), respectively, one finds that
Eqs. (B.3) - (B.5) take the same form as Eqs. (16) - (18) derived via calculating the Christoffel
symbols.
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